We prove the stability of the index and the semicontinuity of the dimensions of the cohomology groups of semi-Fredholm complexes of Banach spaces and closed linear operators with respect to perturbations of the operators and of the underlying spaces which are small with respect to the gap topologies. It seems that, even for single semi-Fredholm operators, some of the statements are more general than the current ones. The results are applied to obtain semicontinuity for joint spectra of finite systems of commuting bounded linear operators.
INTRODUCTION
The occurrence of complexes of Banach spaces in rather different domains of mathematics, for instance in the theory of the &operator in strongly pseudoconvex manifolds [6, 7, 10, 131 , as well as in the spectral and Fredholm theory of several commuting operators [ 17, 4, 19, 53 shows that they are remarkable mathematical objects whose intrinsic systematic study (see also [12, 17, 16, 19, 20 , 51) could be of interest. It is the purpose of this paper to show that a highly abstract concept of a complex of quotients of Banach subspaces has important stability properties under a general type of "small" perturbations. The choice of such a concept has been dictated by some technical reasons, mainly by the invariance under duality, as well as by some significant examples, discussed in the last section.
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Before stating our main results let us give the basic definitions. The notations and terminology concerning closed linear operators and Fredholm theory will be that of [8] . If 3E is a Banach space then Y(X) will be the set of all closed linear subspaces of 5 with Banach spaces Xp and closed linear operators ap such that R(aP-') c N(ap) for all p E Z. Without loss of generality we may assume that up is a closed operator in a certain fixed Banach space 3E which contains the spaces Xp, p E Z, as closed subspaces (take, e.g., 3 to be the 12- direct sum of the space Xp). However, in this case the dual object is no longer of this type, since duality replaces subspaces of 3 by quotient spaces of r*. A unique and natural treatment is provided by the following:
1.1 DEFINITION. A complex a = (ap), E z in a fixed Banach X space is by definition a sequence of the form with X6, XP~9(3), X[ c XP, and closed operators ap such that R(aP-') c N(ap) for all p E Z. The set of complexes in X will be denoted by a(x). For every a = (cI~)~~ z~ a(x) we define y(a) := inf,. z ~(a"), where y(crp) is the reduced minimum modulus of ap. If r(a) > 0, the complex a is said to have closed range. The cohomology of the complex u is the family (IHpgJJpc zy where HP(a) := N(aP)/R(aP-' ). For p E Z we define G,(aP) := xp + x~+'E Xp@Xp+'; xp+XOp~D(ap), xp+' EC~~(X~+ X,P)}. Obviously, the graph G(aP) of ap is isomorphic to GO(ccp)/XgP@ X0+ I. Hence GJa') is closed. For ct = (ap)pE z, /I = (/Ip)pc B cd(X) we define the gap sO(a, /?) by &,(a> PI := SUP &GchP), GdPp)), PSZ where 6 denotes the gap as defined in [8, IV, Sect. 2.11.
DEFINITION.
(1) A complex a E i3(3E) is said to be semi-Fredholm if a has closed range and at least one of the functions Z3k+dimHZk(a)EZ+u(co}, Z3k+dimH2k+1(a)EZ+ u {co} is finite and has finite support. (2) Ada is said to be Fredholm if a has closed range and the function Z 3 p + dim Z-P(a) E h + u { cc } is finite and has finite support. 1.3. Remark. These definitions behave well with respect to duality. Indeed,ifor=(aP),,.
is densely defined (i.e., D(aP) = Xp/X{ for all p) then up* E '$7(X{+ "/Xp+", XOpL/XpL) has the property that R(aP') c N(aP-'*). Hence, a* := (aPpP'*)pc H EJ(~E*). a* is called the dual of a. It is easily seen that y(a*) = y(a) and that HP(a*) is isomorphic to HPP(a). Moreover, x is semi-Fredholm (Fredholm) if and only if a* is semi-Fredholm (Fredholm). Then, ind a = ind a*.
We can now state our main results.
THEOREM. Let a Ed(X) be a semi-Fredholm complex that is not
Fredholm. Then there exists an E > 0 such that if ji E 13(x) and s,(a, a) < E, then d is also semi-Fredholm. Moreover, for each p E Z we have dim HP(a) = 0 if dim HP(a) = 0, dim HP(a) = CC if dim HP(a) = 00, and dim HP(d) < cc if dim HP(a) < co. In particular, ind ~5 = ind a.
In addition, for every nonnegative index q there exists a positive number cq < E such that if s(a, a) < E,, then dim HP(C) <dim HP(a) when 1 pi <q.
A complex a E a(X) is said to have finite length if ap = 0 for all but finitely many p. If a has finite length and R(aP) is closed for all p (in particular, if dim HP(a) < 00 for all p), then CI has closed range. As an immediate consequence of 1.4 we obtain 1.5. COROLLARY. Assume that the complex a from Theorem 1.4 has finite length. Then, tf q is big enough we may take E := Ed, so that dim HP(d) < dim HP(a) for all p E Z. 1.6 . THEOREM. Let a = (ap)pE z E a(X) be a Fredholm complex. Then there exists an E > 0 such that zf d = (a"), E L E c?(X) and &(a, a) < E, then the complex E is also Fredholm, dim HP(d) < dim HP(a) for all p E Z and ind 12 = ind a. Theorems 1.4 and 1.6 will be proved in the third section. The second section is concerned with the semicontinuity of the dimension of the kernels and cokernels of certain semi-Fredholm operators, with respect to the gap topology. Although intended to provide the auxiliary apparatus of the whole work, this section contains some results that are, we think, interesting for their own sake. Particularly, Theorem 2.2 is not only the core of the second section, but it also yields a general method of solving linear equations by successive approximations (see also Corollary 2.3). This method leads to effective estimates (see the proof of Proposition 2.20) and can even be combined with some nonlinear objects (see the proof of Lemma 2.16).
The fourth section contains applications of the results from the previous sections. The first example shows that the study of complexes of pairs of subspaces (a concept suggested by [12] ) can be reduced to the study of usual complexes. In particular, we obtain the stability of semi-Fredholm pairs of subspaces, as made in [8] , even for the case when both arguments vary (see Remark IV.4.31 from [S]). Then we discuss the invariance of the class of semi-Fredholm complexes under some natural transformations. The third example concerns a class of objects which are complexes modulo compact operators, and whose properties can be obtained from those of usual complexes, via a natural transformation. At this point the use of complexes of quotients of Banach subspaces is effective. We then apply our results to obtain semicontinuity statements for joint spectra of n-tuples of commuting bounded linear operators (induced on invariant or quotients of invariant closed subspaces by globally defined operators). Finally we consider two examples, where complexes of infinite length occur.
This work has been prepared while the second named author was a guest of the University of Saarbriicken as a Humboldt Fellow. He would like to express his gratitude to the Alexander von Humboldt-Foundation for its support and to the University of Saarbriicken for its hospitality.
SEMICONTINUITY OF THE DIMENSION
In the following let X, '$I be fixed Banach spaces. X 0 '$I will be endowed with the norm llx@yll :=(l/x112+ Ily1/2)1'2 for XEX, YE'%. The standard framework of this section is described by Let S be as above, let M be another Banach space and let A E 8(M, Y/Y,). We define an extension S, E %( (X/X,) @ A4, Y/Y,,) by S,(<@v) :=S<+Av for 5 E X/X,, v E M. Since (X/X,) @ ME (X@M)/(X,@O), the entities given by Definition 2.1 make sense for S, with X replaced by X@M. If dim M-C cc, then, by [ 19, Lemma 2.71 , and identifying X with X00, we have dim N(S,)/N(S) + dim R(S,)/R(S) = dim M. We shall show that if (2.2) is fulfilled, then 8= R,(S) + PIV. (2.2) (3) Let y E P be arbitrary. If F # 0, then, because of 6 > 6( y, Y), there existsyEYsuchthat IIjj--yll<SIly"ll, and hence ((y(( <(l+S)ll~ll. IfJ=O then we take y = 0. One has to proceed similarly in the following estimates where we shall constantly omit the trivial cases.
(4) We can write y = ui + u I where u1 E R,(S), u i E M. Then there exists [I ED(S) with u1 + Y,= Sll, and <I can be chosen such that llrill <rIIS<,ll. Let xi~li be such that llxrll <r(IS5,1/. Since ui=Py, and hence IbIll ~(1 +~)lPll 11911 by (3) , we have llx,ll <rIbIll < rU + 6) llpll IIJII. Here we used the estimates of IIyll, IIx,II, [lx1 -Z,(l from (3), (4), (5) . (7) We can now repeat the previous steps, replacing jj by j1 defined in (6) . We obtain J2, Z2, ii,, v2 such that 72 = y1-ii, -Pv, = J -8, -ii* -&I, + u*), By (2.4) and (2.2) the series C Zn and C U, are convergent to certain vectors .? E 2 and v E M, respectively. Since jjn + 0 as n + co and P is continuous, C ii, is also convergent to some ii E E Now, C S(Z, + fO) converges to P + F,,. As ,!? is closed, we must have s(s? + gO) = ii + y0 and thus 2 6 ii E G,(S). Consequently jj = ii + Pu, where ii E R,(z) and v E M.
(8) Finally note that ( ~/~O)/R(s)z ?/R,(s) (algebraically) and that dim y/R,,(S) < dim PM < dim M = m. In particular, R(S) is closed. This completes the proof of the theorem. ProoJ: Let S: X-P Y, S: 8 + y be the canonical inclusions. Then 6(S, 3) < 6(X, 8), y(S) = 1, II PII <m + 1 + E, llP/l <m + 1 + E, where E > 0 is as small as we desire. Now (2.7) implies (2.5) and from Theorem 2.2 we obtain the conclusion. Using the duality results in [S], the proof follows in a straight foreward way from the definitions of G,,, N,,, and R,.
We now give a dual version of Theorem 2.2. Proof: With no loss of generality we may assume that S and 3 are densely defined, and thus S* and s* exist. Note that &,(S*, s*) = S,($ S) by Lemma 2.6 and that S(Ft, X,') = 6(X,, To). We have S* E CD-( Y,l/Y', X,l/X') by [8, Theorem IV.5.131. Hence, if 6(X,,, z,,) and S,(S, S) are small enough, then, in virtue of Theorem 2.2, s* E SD _ ( &fp, T(jL/P) and dim(zk/81)/R(g*) < dim(X,I/X*)/R(S*), which implies 3 E @ + (x/To, y/y,,) and dim N( 3) < dim N(S).
2.8. Remarks. (1) Let P, (resp. p,) correspond to P (resp. p) in (2.2) when S and S are replaced by S* and S*. The proof of the first estimate is straightforward. The second one follows from the first one (applied to S*, s*) by means of standard duality arguments and Lemma 2.6. Note that without loss of generality S and S are densely defined.
For the next statements we assume that 3 is a third Banach space and that ZO, 2,, Z, 2.~ Y(3) are given with Z, c Z, 2, c 2. Proof We shall follow the lines of the proof of Theorem 2.2 with some changes due to the nonlinearity of the method. Fix 6 > 6( y, Y), 6, > 6(X, w), and let jj E %? Then there is some y E Y with 11 p -y/l < 6 /I JII. Using the notation of Theorem 2.14 and Remark 2.15, we have y = x1 + v, with x,EXand u,=p(y+X)~M.
Note that
We choose I, E 3 with 11x1 -Z1 /I < 6, IIxIII. Then
Let sp M be the linear space generated by M and consider the mappings 72: P+spM-+ 8+spM/P and p: ~+spM/~-+ y+spM as in Theorem 2.14 and write P for the corresponding nonlinear projection of P+ sp M onto y. By the properties of p (Remark 2.15), we have for jj, := J-f,-Po,, II~,ll=II~~~-~~-~~~ll~~~+~~II~-~,-~Y-~,~/I < (2 + E)(h + 442 + E)(l + 6)) II jq.
Because of (2.10) we can choose E > 0, 6 > 6( y, Y), and &, > 6(X, J!?) such that q := (2 + E)(c~ + &,(2 + s)(l + 6)) < 1. As in the proof of Theorem 2.2 we may continue this procedure and find sequences ( j,),, c F, (a,), c %, and (v,), c M such that Fn=j-(kl+ ... +a,)-(Pu, + "' +I%,), II jnll G 4" IIA, ll~"ll G r14"-l II 911. II&II 6 raq"-' II FII for all n~f+J, where r,:=(2+~)(1+6)(1+&), r,:=(l+a)(l+a). By the properties of P (Remark 2.15) we also have Therefore the series C X$ and C PO, converge to certain vectors 1 E w and v" E F, and we have J = 5 + fi. We shall use this representation for arbitrary p E B to prove {~~~;~~~II~l}~{~~E;l~l~l~rl}+~, where Kc P is a compact set. Observe that if lIjjl1 < 1 then
and L is compact since p is continuous and dim Y/X< co. Similarly,
for all n > 2 (where Yn-1E Y and 11 y,-1ll < (1 + 6)q"-'), since p is homogeneous. Then we have &, EL := L -p(I(L)), where 2, is compact as L is compact and pfi is continuous. For n>2 we obtain Hu,Eq"-' 1, since p is also homogeneous. Consequently, v' E K1 := C,"= 1 q"-'2 and K1 is compact (as the range of a compact set by a continuous mapping). Hence u" E K := K1 n y, so that (2.11) holds. Now, by (2.11), the unit ball of F/f is relatively compact which implies dim y/f< co.
2.17. Remarks. (1) If one adapts the method from the proof of Lemma 2.16 to the proof of Theorem 2.2, then one obtains an estimate of the type (2.5) which does not depend on dim Y/R(S). However, the conclusion of the theorem is, in this case, poorer. Namely, one only obtains dim F/R(s) c co.
(2) Recently, it has been shown in [18] that the map p in Theorem 2.14 can be chosen such that p( Y/X) lies in a finite dimensional space, whose dimension depends both on E and dim Y/X. This yields a certain simplification of the proof of Lemma 2.16 and gives an estimate for dim y/f. (2.13) can be obtained similarly, with some minor changes. Start with an arbitrary 2 0 u $ CJ E G,($,) and proceed as above. We only note that there exists a projection P of R(g,) onto R(S) such that l/Pll <m + 1+ E, that II&ull <m(l +a)(1 +6)llull and that IIA"vll < II&vll for all UEM. (One also has 1 + 6( Y, P) < 2). We omit the details.
As an illustration of the resources of the preceding statements we prove now a special case of Theorem 1.6. Note, that (2.17), (2.18), and (2.21) can effectively be used to find a 6>0 for which the assertion of the proposition holds.
STABILITY 0~ THE INDEX
In this section we shall prove Theorems 1.4 and 1.6 which state the stability of the index of a semi-Fredholm complex under small perturbations in the gap topology. From the results of section 2 we derive first some "local" consequences. In the following, let 3 be a fixed Banach space.
DEFINITION. (1) a = (aP)pe L E a(X) is said to be semi-Fredholm at the step p, if the pair (up-', ap) is semi-Fredholm (see Definition 2.11).
(2) a E a(X) is said to be exact at the step p if HP(a) = 0. If HP(a) = 0 for all p E Z, then a is said to be exact.
PROPOSITION. Let a = (aP)pe z E a(X).
(1) If a is semi-Fredholm at the step p, then there exists an E > 0 such that if 6 = (Eq)qs r E 8(X), &,(ap-', dr-') < E and &,(I%~, a") <E, then B is also semi-Fredholm at the step p and dim HP(&) < dim HP(a). In particular, if a is exact at the step p, then d is also exact at the step p.
(2) If a is exact at the steps p -1 and p + 1, and if y(aP-') > 0 and y(ap + ') > 0, then there exists an E > 0 such that if max(G,(aP-', Zp-*), S,(appl, ape'), S,(aP, a"), GO(ap+', up+')} <E, then 6 is exact at the steps p-l and p+l y(dPp')>O, y(Ep+')>O and dim HP(d) = dim HP(a). (2) We take 6,, 6, r>O satisfying (3.1) for p-1 and for p+ 1 (note that (3.1) is written for the step p). From (3.2) and Lemma 2.9 we infer that (with cp := d&, 6, r), p1 := pltL 6, r)) S(R,(aPp '), RO(dPp ' ))<max{(l-cp))'p,, and 8(N0(c2k+2), N,,(u'"'~)) can be made as small as we want (Lemma 2.9) and 6,(agk, 6:") = 6,(~r~~, L?~~) (where &ik is obtained from dZk as a:" from arcs), we derive, from Proposition 2.18, that dim H2k+ '(2) = cc if &a, a) is sufficiently small.
In particular, ind a = ind E = --cc if dim HZk+ '(cc) = 00 for some k E Z. Suppose now that dim H2k+ ' (a) < cc for all k E Z. As c1 is not Fredholm, the function k + dim H2k+ '( ) tl cannot have finite support. Assume now that H2k+' (6) = 0 for some k E Z with Ikl > k,. We can chose 6,, and 6 so small that we have (with yip as in the proof of Proposition 3.2(2)), 9Jl +Jz(l +v,)W 1 (3.6) for all phi?, IpI >k,. From (3.3), (3.6), and Corollary 2.5 (with X=N(&2k+1),
8= R(cx~~), and m= dim H2k+1(E) =0) we conclude that also H2ki1(ct) =O. Hence, k + H2k+ '(6) cannot have finite support and we obtain ind u = ind 8= --co.
The last assertion follows from Proposition 3.2( 1) (the cases of infinite dimension are already settled, by the previous argument). Note that the proof of Proposition 3.2(l), which is based on Corollary 2.5, involves the dimension of a quotient space, and the set of all these dimensions is, in general, nonbounded. Therefore, the condition from Corollary 2.5 can be realized, in general, only for a finite number of indices. , t? ) is sufficiently small (we note that in the present case no infinite dimensions occur and all pairs (tip-', ap) are semi-Fredholm. The only thing to be proved is that ind d = ind a if $Ja, a) is sufficiently small. With no loss of generality we may assume that dim H"(x) = 0 if p < 0. Set n(a) := min(n > 0; HP(a) = 0, Vp 3 n}. We prove our assertion by induction with respect to n := n(a).
If n = 0, then the assertion follows from the first part of the proof. Assume that the assertion is true for a certain n > 0, and suppose that now n(a)=n+ 1. Then R(a")+M=N(a"+') with dim M=dimH"(a)< co. Set % =X@ M. We shall consider a certain complex p = (jJP)pe z E i3('%) that extends the complex a. Namely, by identifying X with X @O, we set jp:=ap ifp#n-1 and /?"-'(t@u):=a"-'(<)+u for tED(a"-'), UEM.
Then /I is Fredholm and n(b) = n since R(j?"-')=N(B")). Note also that ( N(/F')=N(anpl
). We extend 5 in a similar way. Namely, we define fiit; E", '9p # n -1, whereas p -' is obtained from 6" -' as in Lemma 2.19 for S, d" -' for S and the canonical inclusion M c N(a" + ' ) for A). Si:ce R(a"-') c N(a"), R(En-') c iv(?) and, by (3. 
SOME APPLICATIONS
In this section we shall present various consequences of the results from the previous parts, as well as related observations. a We start with some aspects concerning the geometry of the metric space Y(X), where X is a fixed Banach space.
DEFINITION.
Let (Xl, Y', X2, Y'} c Y(3) be a quadruplet with the property that X' + Y' c X'n Y2. We say that this quadruplet is semiFredholm if dim(X2 n Y2)/(X' + Y') < co and X2 + Y2 is closed.
Such quadruplets have been presented in [12] under the name of Fredholm links. The next result is a slight extension of a statement in [ 121. We are not aware of any published proof of this result.
hOPOSITION.
Let {Xl, Y', X2, Y'} cy(X) be a semi-Fredholm quadruplet. Zf {f', P', f2, F2} c Y(3E) is such that 8' + P' c z2 n F2 and if 6(X', R'), 6( Y', F'), S(z2, X2), 6( y2, Y2) are sufficiently small, then {8', 8', z2, y2} is also semi-Fredholm and dim(p2 n y2)/(w1 + 8') < dim(X2 n Y2)/(X' + Y').
( 4.1) Proof. Consider the operators Sp E 9(Xp0 Yp, ;t 0 ,X) given by SP(x@y):=(x+y)@(-x-y)forxEXP,yEYP,p=1,2.Notethat Moreover, R( Sp) E Xp + Yp for p = 1,2 and N( S2) r X2 n Y2. Therefore, (S', S2) is a semi-Fredholm pair (Definition 2.11). Let Sk be defined in a similar way for the spaces (Tk, Fk), k = 1,2. Since for all x E XP, y E YP, 2 E J?', j? E yp, p = 1,2, we derive that d(SP, sq2 < S(S(XP, P)' + 6( yp, P)2), (4.2) and a similar relation with changed order. In particular, if 6(X', x1), 6( Y', yi), S(F2, X2), and 6( F2, Y2) are sufficiently small, then 6(S', 3') and S(s2, S2) are as small as we want, and the conclusion of the proposition follows via Proposition 2.10. where (2, P) = (BP, y:p)pc z c9'(X) is another complex of subspaces and (SP)pa z are the corresponding operators. Therefore, the whole information concerning (X, Y) is transmitted to the complex S= (SP)pE z E 8(X 03). Hence, a Fredholm theory for complexes of subspaces can be obtained from the Fredholm theory of complexes of operators. (2) Conversely, every a= (aP),, z E a(X) can be associated with a complex of subspaces of X, := 1*(Z, X). Namely, if ap E %?(Xp/Xop, Xp+ '/X6+ '), then we define YP, ZP~Y(X,) by
Since GO(aP)n(X@X~+l)=N,(aP)@X,P+l and X@X6++'+G,,(aP)= X@ Ro(ap) it is easily that Yp + Zp c Yp+' n Z and that HP+'(a)= (XP+I,ZP+l )/( Yp + Zp) for all p E Z. However, the metric relations do not seem to be as good as in the previous case. Indeed, if 6 E a(X) is another complex and we construct the spaces Pp and zp for a in a similar way, then J( Yp, FP) (or &Zp, zp)) should be expressed in terms of 6(ap, Ep) but also of S(X;+",&+k ) for k> 2. As we have seen, our main results (Theorems 1.4 and 1.6) do not require the use of the numbers 8(X;, 26). b We shall show that the family of semi-Fredholm (Fredholm) complexes in a Banach space X is invariant under a class of natural transformations, which also preserve the index, provided that these transformations are "close" to the identity in a certain sense to be specified.
Let a,(X) be the family of all complexes a = (aP)pe E in X such that D(ap) E Y(X) for all p. In particular, ape P'(D(aP), D(aP+ ')). ( When working modulo compact operators the following functor
is often useful (cf. [15, 3, 51) : We define r&E) := l"(X)/z(X), where l"(3) (resp. r(X)) is the Banach space of all bounded (resp. totally bounded) 5-valued sequences. If 92 is another Banach space, then every operator SEY(X, %) induces an operator rc(S)~Y(rc(X), ~(92)). Moreover, rc(S) = 0 if and only if S is a compact operator. Thus, for a = (aP)pe z E a,(X) we have k(a) := (rc(aP)),, z E iJ(k-(X)), where ~(a") E 9(k(Xp), k(XP+ ')). An essential complex a is said to be essentially Fredholm if HP(lc(a)) = 0 for all PE Z. Thus, the study of essential complexes requires the general setting (i.e., operators between quotient spaces). We shall show that the set of essentially Fredholm complexes is open in a,(X) with respect to the gap topology. (2) One can define a concept of an essentially semi-Fredholm complex and obtain similar statements. Also complexes of infinite length can be taken into consideration.
(3) We end this discussion with the following question: Is there any way to assign an index to every essentially Fredholm complex?
d The results of the previous section can be applied to obtain the semicontinuity of the joint spectrum (in the sense of [17] ) of several commuting operators.
Let 3E be a Banach space and let a = (a, ,..., a,) c U(X) be a commuting system. Set Lat(a) := { XE Y(X); ajXc X, j= l,..., n}. For every XE Lat(a) let ~(a, X) denote the joint spectrum of a, when acting in X. This set is defined in the following way: Let (r = (cl,..., 6,) be a fixed system of indeterminates. Then and X0 c X then one can define the spectrum a(u, X/X,) of the induced system in a similar way. We shall see that ~(a, X/X,) is semicontinuous in all of its arguments.
The proof of the following lemma is straightforward and therefore omitted. Proof: Note, that ~(a, X/X,,) c n,"= i {zj~ C; lzil < llujll }, and a similar inclusion for a(b, Y/Y,) [17] . Therefore, and since /Ibill is as close of llUjl[ as we want if /[a -bJ( is sufficiently small, it will be enough to consider the case UC B := {z E C"; llzll < R}, with R > 0 sufficiently large. Let us remark that 1.4-1.6 also have applications to the spectral theory on complex interpolation spaces (see [ 1 ] ).
e Complexes of infinite length occur in the cohomology theory of Banach algebras. We shall use the notations of B. E. Johnson's survey article in [21] . Let a and 3E be two Banach spaces and consider the situation (A, Q, X, P, p, ,uL, pR) where A (resp. X) is a complemented closed subspace of 05 (resp. X), Q E -%'(a) (resp. P E Z(X)) is a projection with R(Q)=A (resp. R(P)=X), p: A x A + A is a continuous associative multiplication on A which turns A into a Banach algebra, and ,u~: AxX+X (resp. ,u R : Xx A + X) are left (resp. right) A-module multiplications such that X becomes a two sided Banach A-module. We also shall consider a perturbed situation (A, &, f, P, p, fir, fiR). We define the continuous bilinear mappings B: CX x a + GL:, M,: a x SE -+ 3E, and M,: X x ~55 --f X by B(a, 6) := p(Qa, Qb), M,(a, x) := pL(Qu, Px), and M,(x, a) := pR(Px, Qu) for a, b E d, x E 3. The corresponding mappings in the perturbed situation will be denoted by B, A,, fi,. 4.13. PROPOSITION. Suppose that the Hochschild cohomology groups XP(A, X) are finite dimensional for 0 < p < n (n E N,) and that the coboundury operator S"+ ': LZ'(A, X) + 9" + '(A, X) has closed range. Then there exists an E = E(n) > 0 such that for all perturbed situations with IV'-pll <E, IIQ-011 <E, IV-Bll <E, IW-fi,ll <G IIW-&II <E for TE Zp-'(A, X) and a, ,..., up E a. Thus, instead of considering (Sp)p,E N and (sp)pe NT we now work with (S:),, N and (s;), E N. Then G(S,P) and G($') are both contained in Zpp'(a, 3) x Zp(a, 3). The result will now follow from Proposition 2.10, if we show that 8(S,P, 3:) (p = l,..., n + 1) is as small as we desire if E is small enough.
Fix an arbitrary T, ED(Q).
We define pc E P'P-'(a, X) by R',(U i ,... From this, (4.6), and (4.7) we see easily that there is some CL >O not depending on T, or E, such that IIWT,)-$'@'eT,)II G~IlTell .C;.
This and (4.7) now imply 6(Sf, $') < s(Ci + CL*)"*. In the same way one obtains S(si, S,P) < EC; for some constant C;.
f We end this section with a second simple example involving complexes of infinite length.
For p E N we denote by 6, the group of all permutations of {l,..., p}. If K is a set and k = (k 1,..., kp)e Kp then we define for XE 6,: rc*(k) := (k rroj,..., k,,,,). Let now D be a compact Hausforff space and denote by (4.10)
For o = (wi ,..., wP) E supp qj, x . . . x supp 'pi, c Vi, x . . . x UjP and n E 6, we have n*(w) E Ujz,,, x **a x UjzCP,. On the other hand, also WAKE ujn,,~ ' ... x Ujrcpj, so that lb """-f(n*(w))ll < Ilx"'"'-f(w"'"')ll + l/j-(0"'"') -f(n*(w))jl G 6' llfll + P llfll G 6 Ilfll. Since this is smaller than a given E > 0 if 6(X, 2) and Ila -iill are sufficiently small, the statement of the proposition now follows from Theorem 1.4 (resp. 1.6).
